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ABSTRACT

In this article we discuss some important salieatdres of different matrices obtained by the tesfybroduct of
generator matrices of some known sequences. Theseirds, as the study indicates, inherit some pliepe

like recurrence relation, and irrational part ofjé&hi values to that of original sequences consideretthe purpose.

We have also seen that, in some cases, these fiesgearallel to corresponding terms in the geterdiform of

the product matrix and hence giving rise to newuseges.
KEYWORDS: Pell Sequence, Fibonacci sequence, Jha Sequenest@QpMatrix & Eigen Values

1. INTRODUCTION TO SOME KNOWN SEQUENCES

As we want to treat with the generator matricesashe known sequence; it is Important to introdwreesknown
infinite sequence of positive integers. We consitieee sequences in order and highlight some s$dlatures that will

help us carry further algebraic operations.
1.1. Jha Sequence

In fact there are different ways to introduce thisa’ sequence of non-negative integers. It iscausece of terms
in which each term added to its next term result®ithe sum of two legs of right triangle of conigive right triangle of
Fermat family. Some the right triangles of Fernaahily are shown below and the terms of the Jhaesszpuwill clarify its
origin. It has been, on extensive work on Jha secpifound that it is very useful in finding thengeal form of the sum of

infinite terms of Pell sequence and general raticonsecutive terms to many sequences.

Table 1: Fermat Triangles

Sr No. Legs Hypotenuse
a b h
1 0 1 1
2 3 4 5
3 20 21 29
4 119 | 120 169
5 696 | 697 985

Some terms of ‘Jha’ sequencg) @re
Jn: 0, 1,6, 35,204 ... (1)

t,=0,6,= 1,t5= 6,t,= 35,t5 = 204...
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Now

ty+t,=0+1=1=a,+b;=0+1=1

ty+ t;3=1+6=7=a,+b,=3+4=7

t; +t,=6 +35=41 =3+ b3=20 + 21 = 4%etc.

The sequence defined K1) has a recurrence relation. It is given as

t,2=6t,,.1-t, witht;=0,t,=1 forallne N (2)

We can derive the general formula for the nth tetms;as follows

=2 [(3+2v2)"" - (3-2v2)" |forne N. 3)

6 —1)

The generator matrix of the sequence is denotd¢dlas (1 0

(4)

1.2. Pell Sequence

An irrational root of a positive integer is alwagna approximation which by some technique is claireetbe

better than the one found using some iterative fitam

One of such equation used for searching alwayshaproximation
Forv/?2 is given by the equation®X 2Y? = +1. (5)
Where X and Y are positive integers

Integers satisfying the equatiqB) are such that their rat@ gives approximation fox/2 and this ratio is

improved as X and Y simultaneously increases satigfequation5)

137174-1

The sequence of ratio |s{= 10351235 ) e }

The terms appearing in the denominator i.e. 1, 225.. is called Pell sequence. To pace

With certain mathematical structure we included@d reformat it as

P,=0,1,2,5, 12, 29 .. (6)
Pell sequence obeys advancing rule; called theneee relation given as follows.

theo = 2ty + t, V NE N ; with =0, and =1, @)

the general term is given as
V2 n-1 n-1
P= T[(1+v2)"" = (1-v2)" |foraline N ®)

Also the generator matrix is given denoted as P is(i (1)) 9)
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1.3. Fibonacci Sequence

It is a well known and probably the oldest one whig used in many mathematical applications. Itsaading

rule and other features are very close to rulesatire
The infinite sequence, Fibonacci sequence is &sis!
{F,=1,1,2,3,5,8,13,21.....} (10)
[each term after the second term appears as th@ftwo previous terms.]

The recurrence relation is

Fro= R+ F,and F1 =1, F= 1forne N (12)
: 1 [asvs\" 1 1oyt
The general term of the sequencéjs = 7 [(T) - (T) ] forallne N (12)
. . I__1_ 1
Its generator matrix denoted as F |s,(1— 0) (13)

2. ALGEBRAIC OPERATION ON THE GENERATOR MATRICES

In this section, we consider the generator matrifedifferent sequences mentioned above. We congite
matrix obtained by the product of two generatorrioas of two sequences. Then we find the set oéftigalues of the
product matrix and that of all the different matscobtained by taking different exponents of thedmatrix. We observe

that Eigen values of the successive matrices exthildis of original recurrence relation.
2.1. Product of Generator Matrices of Jha Sequencand Pell Sequence

As said earlier, we consider from the above uiie generator matrix J é(l’ _01) of Jha sequence and

1
1 0

T
11
~

N

) of Pell sequence and find their product JP asvidlo
The product of J and P matrices denoteflR$
_ (6 —-1\/2 1\_(11 6
UP]_(1 0)(1 0)_(2 1) (14)
We compute different powers of the matrix PJ aribette result as follow.

P = (12343 Zg) Py = (1269007 2;(7)) Py = (139540{17 110859172)

and hence in general we write if8 product as

JP]" = (11 i (D™ + E DM 62?:1(—1)"”ti>

2 Z?:l(_l)n-'— iti t,
Where }is corresponding positional term in the matrix (J8) n = 1,2,3...

Now we find Eigen values of these matrices andysthdir features.
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Sr. No. Matrix Eigen values

1 wrE 9 (6 £V37)

2 prr = (132 72 (73 + 12v37)

3 PP = (Coay 529 (882 + 14537)

4 Pt = (el TOo42) (10657 + 175237)

We derive more observation from the matrices derivealva. Considering fixed positional terms; we have
t,;=1 from[J P]

t,=13 fromJ P]?

;=157 fronijp]3...

We observe that all the entries of the maffiR]™ are expressed in terms of the sequepce t

The sequenceg ts expressed as follows.

(t) =1, 13, 157, 1897..n € N

There are two dominant features which are as falow

With t;=1, t:=13, the recurrence relation i, = 12t,,1+t, V N"E N (15)

The general term is

ta = 775 {(7 +V37)(6 +¥37)" — (7-+37)(6 -V37)" ) (16)
In order to make further analysis we study the saqe given by the above result.

We have its generator matr(}lz (1)) =W say a7

As clearly observed from the terms of the sequéiel, 13, 157, 1897...

with t;=1, and £-13

(=% D =w(®)

()=CF 5 ()= 2)=w(p)
Similarly

(£)=CF @) =00 1) =we(?)

Continuing in the same pattern, we have

Impact Factor (JCC): 2.6305 NAAS Ratj 3.45



Product of Generator Matrices of Known Sequences ahSalient Features 29

-2
()=CF 07 (@) o (=7 §'() rornen

12 1\" _ (T 121 + T (D™D, Y (=DM
) -
2X2

~ [wir = . .
[ ] ( 1 0 ?:1(_1)n+lti 2?2—01(_1)1+(n—1)ti

Now we enlist the result of Eigen values to thdéedént exponents of the matrix"W

Matrix Eigen Values
w (EW¥ (6 +v37)

w2 (EWE (73 + 12v37)

w2 (EW)k (882 + 145v37)|

w" (EWH[(6 T, (=)™t + RIS (=1t + (B, (- D™ e)V37]

We make the following observation from the pattefikigen values.

V37 Remains constant and appears on the eigen vafladistioe matrices. Considering a generalized fofrthe

generator matrix W; we put its Eigen value ag+p,v/37

for different values of@ N.

Now, we note an important point thahn_,w% is a rational approximation af37 the approximating sequence
é E 882 10657

1’12 "145 7 1752 77

From the two parts (rational and irrational) of &igvalues, we have two different pattern of seqeidnc/3,882,
10657... and 1, 12, 145, 1752...

The important point is that the terms of these s@quences follow the same recurrence relation.

2.2. Product of Generator Matrices of Fibonacci saqence and Pell Sequence

T
1

N

1 1

1 0) of Fibonacci sequence and

As said earlier, we consider from the above uhi, generator matrik = (

;) of Pell sequence and find their proddenoted as [FP]
F=(1 o) o)=G Dama =G )G o= 1 9
~ [PF] = [FP]T

We compute different powers of the matrix PJ aribette result as follow.

rr= (Y (1) (1559

and hence in general we write if8 product as

3t,+ 2,1, t,+ tn_l)

[FP]n - (z(tn + tn—l) tn
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Where }is corresponding positional term in the matrix (F@y n = 1,2,3...

Hence as it can be observed

Sr. No. Matrix Eigen values
1 @ 2 (2 £ 1V3)

2 rer = (4 %) (7 + 4V3)

3 FeP = (30 1) (26 + 15V3)
4 [FP]* = (iig ii) (97 + 56v3)

We derive more observation from the matrices derivealva. Considering fixed positional terms; we have
t;=1 from [FP]

t,=3 from[FP]?

t;=11 from{FP]3...

We observe that all the entries of the maHP]" are expressed in terms of the sequepce t

The sequencg ts expressed as follows.

(t)=1,3, 11, 41,153 ... (19)
For which two dominant features are as follows.

With t;=1, =3 andt,;»= 4 t,.1-t, VNE N (20)
Which is its recurrence relation and its genenahtis

t= (14 V)2 +v3)" - (1-¥3)(2-V3)") @)
In order to make further analysis we study the eaga given by the result (19) and let it be a secg&S1, we

0
(2)=G @)=

(=G D D<)

Similarly

(£)=G =G Z9=x()
Continuing in the same pattern, we have
(6n)=G 0) () o @D=G 3

Impact Factor (JCC): 2.6305 NAAS Ratj 3.45
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B I G R e R
10 Mt XS,

=0 “1

Now we enlist the result of Eigen values to thdedént exponents of the matrix' X

Matrix Eigen vaks
X (EXs (2 £V3)

X2 (EX (7 £43)

X3 (EXs (26 £ 15V3)

X" EXH2tn + T05 ) + (T t)V3]

There are some observations.

/3 remains constant and appears on the Eigen vafua the matrices. Considering a generalized fofnthe

generator matri™; we put its Eigen value as,+f3,,v/3 for different values of & N.

(an)

Now, we note an important point thiam,_,.,— is a rational approximation af3 the approximating sequence

(Bn)

is

N
BN
Gl
mlxo
S BN

From the two parts (rational and irrational) of &igvalues, we have two different pattern of seqeehc/, 26...

and 1, 4, 15...

The important point is that the terms of these s@quences follow the same recurrence relation.

2.3. Product of Generator Matrices of Jha Sequencand Fibonacci sequence

As said earlier, we consider from the above urig generator matrix = (6 _1) of Jha sequence and

1 0

1

0) of Fibonacci sequence and find their product Jfekmwvs

The product of J and F matrices denoted as [JF]

_(6 -1\/1 1\_/(5 6
UFl = (1 0 )(1 o) - (1 1) (22)
We compute different powers of the matrix PJ arisetie result as follow.

. _ (31 36 s _ (191 222 +_ (1177 1368
UFl _(6 7) UFI _(37 43) UF] _(228 265)

and hence in general we write if8 product as

5L (D)™ + YN (D)™ 6 X1, (—1)"e
(=DM t,

UFI" =<

Where §is corresponding positional term in the matrix (Fdy n = 1,2,3...

Hence as it can be observed
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Sr. No. Matrix Eigen values
1 FE 9 (3 £ V10)
2 [JF]? = (361 376) (19 + 6v10)
3 urre = (000 24 (117 + 37v10)
4 ur1 = () o8y (721 + 228110)

Chandrakant B. Patel & Pradeep J. Jha

We derive more observation from the matrices derivealva. Considering fixed positional terms; we have

t;=1 from[JF]
t,=7 from[JF]?

;=43 from{JF]3...

We observe that all the entries of the majifiR]™ are expressed in terms of the sequepce t

The sequenceg ts expressed as follows.

(thn€ N =1, 7, 43, 265, 1633,

For which two dominant features are as follows.

With t;=1, =7 andt,;» = 6 t,.1+t, VNE N

Which is its recurrence relation and its genenahtis

ta = 575 (4 +VI0)(3 +V10)"" ~ (4 - VI0)(3 - v10)" )

61)

The generator matrix of Z-sequerite= (1 0

()= ()=2(2)

= DO=% D=2

() =)= =2

Continuing in the same pattern, we have

()= O () or ()= () rornen

A ) R S
10 LD

LD )
Z‘Lglz—ol(_ 1)(n—1)+l t; 2

(23)

(24)

(25)

Now we enlist the result of Eigen values to thdéedént exponents of the matriX.Z
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Matrix Eigen values

z (E2)= (3 £V10)

z? (ED)=(19 + 6V10)

z (ED= (117 + 37V10)

|

|

z" (ED=[BEL (D) + T (D) & (B, (- D™ e)VIO]

We have some observations,

v/10 remains constant and appears on the Eigen vafualbtbe matrices. Considering a generalized foifrthe

generator matri’™; we put its Eigen value as,+f,,v10 for different values of € N.

Now, we note an important point thahn_,w% is a rational approximation af10 the approximating sequence

3 19 117 721

’

1

) )y ) wee

37 228

From the two parts (rational and irrational) of &igvalues, we have two different pattern of seqeénd9, 117...
and 1, 6, 37...

The important point is that the terms of these $&quences follow the same recurrence relation.

3. CONCLUSIONS

Above discussion and algebraic operations on nesriand identifying different sequences from the

corresponding terms of the product matrix and xsoaential terms keeps the track open to perforraljgh operations

and search for more properties. Any well definequsaces and its generator matrix inherit and hgmeserves some

basic properties.
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